ALMOST MINIMIZING YANG-MILLS FIELDS: LOG-EPIPERIMETRIC
INEQUALITY, NON-CONCENTRATION, AND UNIQUENESS OF
TANGENTS

RICCARDO CANIATO AND DAVIDE PARISE

ABSTRACT. We establish a direct log-epiperimetric inequality for Yang—Mills fields in arbitrary
dimension and we leverage on it to prove uniqueness of tangent cones with isolated singularity
for energy minimizing Yang—Mills fields and w-ASD connections (where w is not necessarily
closed) satisfying some suitable regularity assumptions. En route to this we establish a
Luckhaus type lemma for Yang—Mills connections to exclude curvature concentration along
blow-up sequences.
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1. INTRODUCTION

1.1. The general setting: Yang—Mills fields. The aim of this article is to understand the
behaviour of Yang—Mills connections at their singular points, and prove uniqueness of the
corresponding tangent cones whenever they happen to satisfy certain structural properties.
This fits broadly into a line of investigation aiming at understanding the regularity of extrema
of geometric variational problems, and solutions of partial differential equations of geometric

type.
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Let us recall the framework we will be working in. Let G be a compact matrix Lie group
with Lie algebra g and (IV,h) a smooth n-dimensional Riemannian manifold with n > 2,
possibly with smooth boundary ON. The Yang—Mills functional on a principal G-bundle P
over N is given by

(1.1) YMy (A) ::/\FAdevolh VA e (W2 N LY (N, T*N ® gp),
N

where Fq :=dA+ ANA € L?*(N,N>T*N ® gp) is the curvature of the principal G-connection
A, and the norm |F4| is computed with respect to the Ad-invariant inner product on the
adjoint bundle gp' over N. Critical points of YMy are called Yang-Mills fields or Yang—Mills
connections on P.2 Geometrically, the Yang-Mills energy measures how far a certain connection
is from being flat in the L?-sense. From an analytic perspective, YMy is a conformally
invariant® lagrangian in its critical dimension n = 4, whose properties make the associated
variational problems rich and challenging. For instance, the functional is gauge invariant in
the following precise sense: for every local gauge transformation g € (W22 N W4 (N, Gp)*
and for every connection A, the gauge transformed connection

A9 =g ldg+ gt Ag e (W2 N LY(N,T*N @ gp)
satisfies
YMn(AY) = YMp(A).

The presence of such a large invariance group for YMy leads to several remarkable analytical
consequences. For example, the Euler-Lagrange equations, called Yang—Mills equations, and
the stability operator associated with YMy are not elliptic, at least until a proper relative
Coulomb gauge is chosen, cf. Remark 3.3. Besides, the nonlinearity A A A appearing in
these equations is unwieldy, as it drastically breaks the coercivity of the functional leading to
concentration-compactness phenomena in dimension n > 4.°

The Yang-Mills functional has played a major role in the understanding of the differential
geometry of 4-manifolds. Let us recall a few key examples, without aiming for completeness
(see e.g. [DK90] or [FU91] for a detailed discussion of the subject). Donaldson proved his

IThe adjoint bundle gp is the vector bundle 7 : gp — N over N whose total space is given by
Pxg
~Ad

gp = P XAd g =
where
(p1,v1) ~ad (p2,v2) € JgEG:pr=pig,va=g 'vig

and whose projection on the base manifold N is defined to be 7([(p,v)]) := w(p) for every [(p,v)] € gp.
2If P:= N x G is the trivial principal G-bundle over N, for short we said that critical points of YMy are
Yang—Mills fields on N.
3Meaning invariant with respect to rescalings in the domain.
4Here Gp stands for the conjugated bundle, i.e. the G-bundle over N whose total space is given by
PxG

~

GPIZPXCG:

c

where
(p1,h1) ~c (p2,h2) & 3g€G:p2=pig, ha=g ‘hig

and whose projection on the base manifold N is defined to be #([(p, h)]) := n(p) for every [(p, h)] € Gp.
5See e.g. [Uhl82a] and [Tia00], where the authors studied the concentration-compactness phenomena for the
Yang—Mills functional respectively in critical and supercritical dimension.
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celebrated result on the existence of non-smoothable topological 4-manifolds by studying
properties of the the moduli space of instantons (special symmetric solutions of the Yang—Mills
equations) over such manifolds (see [Don&3]). Notably, these manifolds had already been
constructed by Freedman a year earlier in his solution to the topological 4-dimensional Poincaré
conjecture [Fre82]. A second remarkable application of gauge theory in this context is the
proof of existence of exotic differentiable structures on R*. The existence of at least one “fake”
R* stems largely from the aforementioned works of Donaldson and Freedman, with Gompf
later providing an explicit construction and showing the existence of at least three such exotic
structures [Gom83]. Finally, Taubes in [Tau87] achieved the sharpest result in this sense,
showing the existence of uncountably many fake R*’s by means of gauge theoretic methods.

Given the effective applications of YMy in four dimensions, it is natural to investigate its
behaviour in higher dimensions, i.e. in the supercritical regime. Notably, a research program
along these lines was proposed by Donaldson and Thomas in [DT98]. Unfortunately, the
analysis of the Yang—Mills lagrangian becomes more challenging in dimension greater than
four and we are confronted with the study of singular solutions, as they naturally arise in
this wilder framework. As in other geometric variational problems, it is useful to consider
tangent cones, tangent connections in this case. These are weak limits of rescalings of the
original connection, capturing the local behaviour around a given point. As these limiting
objects are supposed to model the behaviour around a (singular) point, understanding whether
they are unique is an important issue. A priori, at a given singular point the connection may
asymptotically approach one cone at certain scales, and a different cone at others.

A method to prove uniqueness of tangents with isolated singularity was pionereed by Simon
in [Sim8&3a] for stationary varifolds, and harmonic maps. The idea is to prove an infinite
dimensional version of the classical Lojasiewicz gradient inequality for analytic functions in
Euclidean space, cf. Lemma 4.1. In gauge theory, this method was first introduced by Morgan,
Mrowka, and Ruberman in their work [MMR94] on the Chern—Simons functional, while Rade
[Rd92] later adapted Simon’s proof in dimensions 2 and 3 for the Yang—Mills functional. It was
only later that Yang [Yan03] used Simon’s method in any dimension to prove that, under strong
curvature bounds, tangent cones at isolated singularities are unique. In this article we follow a
different approach to this old question, and we remove the assumption on the curvature, thus
generalising Yang’s result [Yan03]. We also refer the reader to more recent works of Feehan,
partly in collaboration with Maridakis, establishing various gradient Lojasiewicz inequalities
[Feel6, Fee22, FM20b, FM20a).

Lojasiewicz—Simon inequality type arguments are not directly applicable if the singularity
of the cone is not isolated, as they usually require the cone to have a smooth link. In the
case of pseudoholomorphic maps and semicalibrated currents, slicing techniques proved to
be extremely effective (see e.g. [PR10], [RT04], [CR23]). In the particular case of integral
p — p cycles, we also mention the work [Bell4] by Bellettini, in which the author develops the
so called algebraic blow-up method. We currently conjecture that these type of techniques
could be the key to tackle the uniqueness of tangents for general w-ASD connections® on
general almost complex manifolds. Note that in the setting of stationary integral 1-varifolds,
uniqueness of tangents is completely settled by [AA81]. We refer the reader to the surveys
[DL22, Wicl4] for further details on the uniqueness of tangent cones problem in the setting of
minimal submanifolds.

6See Definition 2.6.
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1.2. Statement of the main results. Since all our results are local, from now on we will
work on the trivial principal G-bundle P = € x G over an open set {2 C R™. This corresponds
to taking gp = g and Gp = G in the previous definitions and notation. In comparison with
previous literature on the subject, we make minimal regularity assumptions on the class of
connections under consideration. Secondly, we go beyond the Kahler setting, in which the
richer complex structure, and in particular the existence of local holomorphic coordinates,
simplifies the analysis and allows for finer considerations. See below for further details on this
aspect. Besides, our proof is purely variational, and does not exploit any underlying PDE, thus
allowing us to treat in a unified and more systematic way a larger class of extrema, i.e. almost
minimizers. Our first main theorem is the following.

Theorem 1.1 (Uniqueness of tangents). Let G be a compact matrixz Lie group with Lie
algebra g. Let n > 5 and let QQ C R™ be an open set. Assume that the following facts hold.

(1) Ac (Wh2NLH(Q,T*Q ® g) is either an w-ASD connection on Q or a YM-energy
minimizer’ such that s#"~4(Sing(A) N K) < 4oo for every compact set K C Q.8

(2) y € Sing(A) and ¢ is a tangent cone for A at y such that Sing(¢) = {0} and
Fa,, — F, strongly in L? (modulo gauge transformations) along some sequence of
rescalings p; — 0 as ¢ — 400.

Then, ¢ is the unique tangent cone to A at y (modulo gauge transformations). Moreover, the

decay is logarithmic, i.e. there exist a > 0 and constants Cy > 0 for every k € N such that
7y.0A — @lorsn—1y < Cillog(p)| ™,

where T, ,(x) = px +y is the rescaling of factor p > 0 centered at y. Moreover, if we assume ¢

to be integrable, the rate of convergence improves to

|TJ,pA - SD|CI§(S7L71) < Ckpa.

Remark 1.2. Throughout this work, w we will never assume that w is closed. This entails that
our w-ASD connections are just “almost” YM-energy minimizers® in general.

We briefly comment the main hypotheses in the above theorem.

o #"4(Sing(A) N K) < +oo for every compact set K C Q. This in particular implies
that A is an admissible connection in the sense of [Tia00]. Thus, by [TT04], an
e-regularity statement is available for A. In fact, if A belongs to any class with such
property, for example the strongly approximable connections introduced in [MR03],
then we can immediately prove Theorem 1.1 following the argument in [Sim12, Section
3.15]. We also point out upcoming work of the first author with Riviere in which
an e-regularity statement is obtained for weak L?-connections in dimension 5, first
introduced by [PR17] as a suitable variational framework for the Yang-Mills lagrangian
in the first supercritical dimension.

e The tangent cone ¢ has an isolated singularity at the origin. This is the usual hypothesis
appearing in [Sim83a, ESV19, ESV20] and beyond which it is incredibly difficult to

"See Definition 2.5.
8Here and in what follows, we let

Reg(A) :={z € Q: A€ C™(B,(z), T"B,(z) ® g) for some p > 0}

and Sing(A) = Q \ Reg(A). Moreover, #* denotes the k-dimensional Hausdorff measure on R™.
9See Definition 2.5.
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go. In the setting of mean curvature flow, Colding and Minicozzi have been able to
deal with (generic) cylindrical singularities, see [CM15]. We also refer the reader to
work of Székelyhidi on cylindrical tangent cones, [Sz£¢20], and to earlier work of Simon
[Sim93, Sim94].

» Non-concentration of the measures, i.e. emptyness of the bubbling locus. This is
another additional hypothesis due to the potential bubbling of sequences of Yang—Mills
connections. In particular, the curvatures of the rescaled connections 7,7, A could exhibit
a concentration set larger than the actual singular set of . This possibily is ruled
out in the context of harmonic maps. Indeed, when considering a sequence of energy
minimizing harmonic maps weakly converging in W12, we know that the convergence
is in fact strong [SU82], and the limit is energy minimizing as well [HL87, Luc88].

We overcome this last difficulty by proving the a Luckhaus type lemma for Yang—Mills
connections, currently not available in literature, thus allowing us to completely exclude
curvature concentration in dimension 5. We can also rule out this phenomenon in higher
dimensions, upon requiring the connection to be more regular (cf. Lemma 6.2). See [Wall9] for
related issues of concentration for the parabolic Yang—Mills flow.

Theorem 1.3 (Uniqueness of tangents excluding concentration). Let G be a compact
matriz Lie group with Lie algebra g. Let n > 5 and let Q2 C R™ be an open set. Assume that
the following facts hold.

(1) Ae (WlnT_1 NL" 1) (Q,T*Q®g) is either an w-ASD connection on 0 or a YM-energy
minimizer such that " *(Sing(A) N K) < +oo for every compact set K C Q.
(2) y € Sing(A) and ¢ is a tangent cone for A aty such that Sing(p) = {0}.

Then, ¢ is the unique tangent cone to A at y (modulo gauge transformations). Moreover, the

decay is logarithmic, i.e. there exist o > 0 and constants Cy > 0 for every k € N such that
|7y.0A = @lersn-1) < Cillog(p)| ™,

where T, ,(x) = px +y is the rescaling of factor p > 0 centered at y. Moreover, if we assume ¢

to be integrable, the rate of convergence improves to

Ty pA = @lokgn-1y < Crp®.

As a corollary of the above theorem, we obtain the following sharp result in dimension 5 for
connections in the natural class W12 N L* appearing in Theorem 1.1.

Corollary 1.4. When n =5, the class of connections of Theorem 1.3 reduces to the natural one
(Wh2N LY (Q, T*Q ® g), thus implying that we have curvature non-concentration in dimension
5 in the setting of Theorem 1.1.

Remark 1.5. Although not explicitly stated, it follows from the two-step degeneration theory
developed in [CS20a, CS20b, CS21a, CS21b] that the logarithmic decay is the best possible one.
Indeed, when the algebraic tangent cone and the analytic one coincide, the rate is polynomial.
In particular, considering examples where the two types of cones are different would give
the desired logarithmic decay. We believe that it would still be interesting to construct such
examples more explicitly, as done for minimal surfaces and harmonic maps in [AS88, Section
5], see also [GW89]. We also refer the reader to [CM14] for a similar issue in the setting of
Einstein manifolds, and to [SZ23] for the one of singular Kéhler—Einstein metrics.
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In the special case in which the underlying manifold is Kéhler (X,w) and the vector bundle
(E, H) is Hermitian, more refined structural results have been obtained. For instance, the
special class of admissible Hermitian Yang—Mills connections has received a lot of interest in
recent years, see [CS20b] for the definition. For instance, in loc. cit. the authors are able to
relate tangents cones of admissible Hermitian Yang—Mills connections at an isolated singularity
to the complex algebraic geometry of the underlying reflexive sheaf (modulo an extra hypothesis
on the Harder-Narasimhan—Seshadri filtration). See also [JSEW18] for a proof in the case in
which the vector bundle over CP"~! is a direct sum of polystable bundles. A crucial tool in
[CS20Db] is the notion of algebraic tangent cone already mentioned in Remark 1.5, and how it
relates to the notion of (analytic) tangent cone that we introduced earlier in this introduction.
Very loosely speaking this is a torsion-free sheaf over an exceptional divisor satisfying some
extra requirements, and it carries information on the underlying singularities. In [CS21a]
Chen and Sun were able to establish an algebro-geometric characterization of the bubbling set,
always in the setting of isolated singularities (see also [CS20a]). They then go on and conclude
with [CS21b] by fully resolving this dichotomy between different notions of cones. We note
that a key analytic tool of [CS20b], similar to our log-epiperimetric inequality, is a convexity
result in the form of a three circle lemma. We conclude this subsection by motivating the study
of this class of connections.

(i) From the complex geometric point of view, Bando and Siu [BS94] proved that polystable
reflexive sheaves over a compact Kéhler manifold always admit an admissible Hermitian
Yang—Mills connection. This generalised the Donaldson—Uhlenbeck—Yau theorem for
holomorphic vector bundles, meaning that these objects are relevant in algebraic geometry.

(ii) From the gauge theoretic perspective, by [Nak88, Tia00] admissible Hermitian Yang—Mills
connections naturally arise in the compactification of the moduli space of smooth ones.
Therefore, they play an important role in understanding the structure of the moduli
space in gauge theory over higher dimensional Kéhler manifolds.

(iii) When doing gauge theory over G9 manifolds, it is expected that singularities of this
special class of connections in dimension three model singularities of G5 instantons. We
refer the reader to [JW18, SEW15] for further details on this.

The main ingredient in the proof of Theorem 1.1, Theorem 1.3, and Corollary 1.4 is a new
log-epiperimetric inequality for the Yang—Mills lagrangian, a quantitative estimate on the
suboptimality of the homogeneous extension that we now describe, cf. Theorem 1.6 for the
main estimate.

1.3. Epiperimetric Inequalities. Direct epiperimetric inequalities were introduced in seminal
work of Reifenberg [Rei64a] in the context of minimal surfaces with the aim of proving that
solutions of the Plateau problem, as posed by the author, were analytic [Rei64b]. White later
exploited this idea in [Whi83] to establish uniqueness of tangent cones for two-dimensional
area-minimizing integral currents without boundary in R™. This result was then extended by
Riviere in [Riv04] where the author introduced the notion of lower epiperimetric inequality,
and proved the corresponding uniqueness of tangents. We note that as a consequence of this
inequality, Riviere exhibited and investigated the phenomenon of splitting before tilting, pivotal
for the proof of regularity of 1 — 1 integral currents joint with Tian [RT09], and crucial for
later developments on the regularity theory of area-minimizing and semicalibrated currents
by De Lellis, Spadaro, and Spolaor, see [DLS16, DLSS17a, Spol9]. As part of a program to
investigate the regularity of two-dimensional almost minimal currents, these last three authors
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recently established in [DL.SS17b] an epiperimetric inequality in this setting, thus generalising
the aforementioned work of White.

The introduction of direct epiperimetric inequalities to the framework of free boundary
problems is due to Spolaor and Velichkov in [SV19]. Subsequently, these last two authors,
together with Colombo, proved a novel logarithmic epiperimetric inequality in the context of
obstacle-type problems [CSV18, CSV20a]. In a nutshell, this is a quantitative estimate on
the optimality of the homogeneous extension which gives a logarithmic decay to the blow-up.
The additional terms in the inequality are due to the possible presence of elements in the
kernel of a suitable linearized operator. In [ESV20], always Spolaor and Velichkov, together
with Engelstein, developed a new approach for proving this inequality based on reducing
it to a quantitative estimate for a functional defined on the unit sphere, and studying the
corresponding gradient flow. This was done for the Alt-Caffarelli functional, but the new
perspective found fruitful applications to the study of multiplicity-one stationary cones with
isolated singularities [ESV19], bearing with them new e-regularity results for almost minimizers.
See also [SV21] and [ESV24].

All of the results mentioned above are direct in the sense that they are based on an
explicit construction of a competitor. This is usually more adapted to establishing decay
estimates around singular points. However, a large class of epiperimetric inequalities are
proven by contradiction. These are based on linearization techniques and the contradiction
arguments appearing in the literature apply to regular points or singular points with additional
structural hypothesis. In the setting of minimal submanifolds we mention works of Taylor on
area-minimizing flat chains modulo 3 and (M, ¢, §)-minimizers [Tay73, Tay76a, Tay76b], while
for free boundary problems the first instance of an epiperimetric inequality is due to Taylor in
[Tay77]. Later on, Weiss in [Wei99] introduced an epiperimetric inequality in the setting of the
classical obstacle problem at flat singular points and along the top stratum of the singular set.
On the other hand, for the thin obstacle problem, we refer the reader to [FS16, GPSVGI16].
Eventually, for free boundary problems for harmonic measures we mention work of Badger,
Engelstein, and Toro [BET20] whose great novelty is to apply an epiperimetric inequality for
functions that do not minimize any energy. Our main contribution to this line of investigation
in the setting of the Yang—Mills Lagrangian is the following.

Theorem 1.6 (Log-epiperimetric inequality). Let G be a compact matrixz Lie group
with Lie algebra g and let n > 5. Let Ag € C®(S" 1, T*S" ! @ g) be a smooth Yang-Mills
connection and define the 1-form Ay € (W12 N LY)(B", T*B" ® g) to be its 0-homogeneous
extension inside B™, given by

AO = <H) AO-

There exist constant €,§ > 0, and v € [0,1) depending on the dimension and Ay such that the
following holds. If A € C*>%(S"~1 T*S" ! ® g) is such that

||A - A0||C2,a(gn71) < 5
then there exists A € (W2 N LY)(B", T*B" ® g) such that Lgn_lfl = A and
(1.2) Han (A5 Ag) < (1 — el @n(A; Ao)") % (A; Ag),

where A € (W2N LY (B, T*B" ® g) is the 0-homogeneous extension of A inside B". Further-
more, if the kernel of the second variation is integrable, we can take v = 0.
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Remark 1.7. We expect that modifying the proof of Theorem 1.6 as in [ESV24] to prove a
symmetric log-epiperimetric inequality, one can prove uniqueness of tangent cones at infinity
for sequences of connections. In particular, one would appeal to the decay-growth Theorem a
la Edelen-Spolaor-Velichkov, cf. [ESV24, Theorem 2.2].

1.4. Ideas of the proofs and structure of the article. The proof of Theorem 1.6 follows
the strategy outlined in [ESV19, ESV20]. In particular, it relies on a careful construction of a
competitor function with energy smaller than the one of the 0-homogeneous extension of A.
The starting point is a slicing lemma to write the energy discrepancy #gn(-;-) in Theorem 1.6
in a more convenient form, cf. Lemma 3.2. This is done in Section 3, where we also recall the
Lyapunov—Schmidt reduction adapted to our setting, cf. Lemma 3.4. An additional difficulty
that we have to overcome here is the kernel of the second variation being infinite dimensional.
This is due to the gauge invariance of the Yang-Mills lagrangian. A similar issue was faced in
[CM14], where the authors have to mode out the diffecomorphism invariance of their functional
R (they do so by the Ebin—Palais slice theorem). Similarly, Simon worked with normal graphs
to avoid this issue [Sim83al, while Yang [Yan03] introduced a form of transverse gauge. We
resolve this by simply working in a suitable relative Coulomb gauge.

This different way of writing the energy discrepancy suggests that we can construct the
competitor by flowing inwards the components of the trace A in the directions that decrease the
energy at second order around the critical point Ay with respect to which we want to compute
the energy discrepancy. To choose the appropriate directions of the flow we turn to the second
variation at Ag. We write it as a linear elliptic operator with compact resolvent, thus implying
that it has a finite dimensional kernel. Consequently, we can decompose the datum A as the
sum of the projections on the kernel, the positive, and the negative eigenvalues, i.e. the index.
As Ap is Yang-Mills on the sphere S*~!, positive directions will increase the energy to second
order, while negative directions will decrease it. Whence, we want to move Ay towards zero
in the former, while keeping the latter fixed. To deal with the kernel we resort to a finite
dimensional Yang—Mills flow. To make the estimate on %gn (-, ) more quantitative, we appeal
to the finite dimensional Lojasiewicz inequality, c¢f. Lemma 4.1, which is ultimately responsible
for the error term appearing in (1.2) and is the reason why our inequality is (log)-epiperimetric
instead of just epiperimetric. The proof of Theorem 1.6 just outlined appears Section 4. In the
integrable case, i.e. when the projection of Ag on the kernel of the second variation vanishes,
the proof simplifies significantly, see Subsection 4.1. Note that the logarithmic error term is
unavoidable when considering nonintegrable singularities, and that in the setting of stationary
varifolds, there is also a more restrictive notion of integrable through rotations, see [ESV19,
Remark 1.3]. Beyond its remarkable flexibility, one of the fundamental insights of this strategy
is that it draws a precise relationship between the kernel of the second variation and the
logarithmic decay term in the epiperimetric inequality.

Remark 1.8. If one had a Lojasiewicz—Simon inequality for Sobolev connections, the proof
of Theorem 1.6 could be simplified by simply flowing inwards the full trace, and not just its
projection onto the kernel. This is explained in [CSV20b, Proposition 3.1]. In particular, from
a Lojasiewicz—Simon inequality descends a log-epiperimetric one. Unfortunately, as already
mentioned above, for Sobolev connections we only have the former in dimensions 2, 3, 4. It
would be interesting to bridge this gap.

The proof of Theorem 1.1 is inspired by work of Simon [Sim83a] and it appears in Section
5. We exploit the log-epiperimetric inequality to establish a bound for the energy density
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O(p,y; A) — YMpn (¢) at all dyadic scales, which can then be converted to a bound at all scales.
Uniqueness of the tangent map then follows by a standard Dini-type estimate that we include
in Appendix A. We deal with potential concentration phenomena in Section 6.
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Simons Laufer Mathematical Sciences Institute (formerly MSRI) in Berkeley, California, during
the Fall 2024 semester. D.P. acknowledges the support of the AMS-Simons travel grant.

2. PRELIMINARIES ON THE YANG—MILLS FUNCTIONAL

In this section we collect the basic definitions and properties of the Yang—Mills lagrangian.
In particular, we prove that this functional is analytic. We also introduce the class of almost
minimizers of the Yang—Mills energy, and define w-anti-self-dual connections. We then prove
that the latter belong to the former. We prove an almost monotonicity formula resembling the
one for semicalibrated currents. We conclude by explaining the phenomenon of concentration
appearing in Theorem 1.1.

2.1. The Yang—Mills lagrangian and Yang—Mills connections.

Definition 2.1 (The Yang—Mills functional). Let G be a compact matrix Lie group with
Lie algebra g and let n > 2 and let (N, h) be a smooth n-dimensional Riemannian manifold,
possibly with smooth boundary ON.

The Yang-Mills functional YMy : (WH2 N L) (N, T*N ® g) — [0, 4+0c) on the trivial bundle
over N is given by

YMy(A) := / |Eal?dvol, VA€ (WY2NLY(N,T*N @g),
N
where
Fa:=dA+ANA€ L*N,N*T*N @ g).
Given any open subset U C N, for every A € (W12 N LY (N, T*N ® g) we let

YMpy(A;U) := / | F'4|? dvoly,
U

be the Yang-Mills energy of A localized in U.

Definition 2.2 (Yang—Mills connections). Let G be a compact matrix Lie group with Lie
algebra g. Let n > 2 and let (N, h) be a smooth n-dimensional Riemannian manifold, possibly
with smooth boundary ON.

A Yang—Mills connection on the trivial bundle over N is a critical point of YMy.

Definition 2.3 (YM-energy discrepancy). Let G be a compact matrix Lie group with Lie
algebra g. Let n > 2 and let (N, h) be a smooth n-dimensional Riemannian manifold, possibly
with smooth boundary ON. Let Ag € (W2 N L*)(N,A'T*N ® g). The functional (- ; Ag)
given by

Wn(A; Ag) = YMn(A) — YMpy(4g) VA€ (WHNLY(N,AT*N @ g)

is called YM-energy discrepancy with respect to Ag on N.
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Proposition 2.4. Let G be a compact matriz Lie group with Lie algebra g. Let n > 2 and let
(N, h) be a smooth n-dimensional Riemannian manifold, possibly with smooth boundary ON .

Given any Ag € W2 N LY (N,AN'T*N ® g), the following facts hold.
(i) The functional YMy is a quartic functional on (W12 N LY (N, T*N @ g), i.e. given any
Ae (WW2NLY (N, T*N ®g) for every k = 0,1,2,3,4 there exists a k-linear and bounded

operator

VEYMp(A) : (W20 LY(N,T*N @ g) - R
such that

4
VFYMy (A .
x(a+g) =3 VW g veewza N e )
k=0 ’ Y
k times

(ii) The functional (- ; Ag) is real-analytic on (W2 N L) (N,T*N ® g) and its first and
second Fréchet differentials are given by'®

V(A Ag)[e] = 2 / (Fa, daip) dvoly
N

V2 (A; Ao)lipy ] = /N (dap,dath) + (Fa, [p A 9])) dvoly

for every o, € (WH2 N LAY)(N, T*N ® g).

Proof. Since %y (- ; Ap) is simply a shift of YMy by a the constant additive factor YMy(Ap),
(i) follows directly from (i). Hence, we turn to show (i). Fix any A € (W12NL4)(N,T*N ®g).
Then, by direct computation, for every ¢ € WH2(N, T*N ® g) we have

YMN(A+<,0)=/ Fago|? dvoly
N
:/|FA+dAg0+g0/\ga|2dvolh
N
—/’FA|2+2/<FA,dAg0>dV01h+/ (‘dA90|2+<FA,[g0/\(p[>)dV01h
N N N

(2.1) +2/ <d,4g0,g0/\cp)dvolh+/ lo A p|* dvoly, .
N N

Let now
VYMpy(A): (W2 N LY (N, T*N @ g) - R
VZYMpy(A) : (W2 N LY (N, T*N ® g)> - R
V3YMpy(A) : (W2 N LY (N, T*N @ g)> - R
VAYMpy(A) : (WH2 N LY(N, T*N @ g)* = R

10Here and throughout, by da we denote the exterior covariant derivative with respect to the connection A,
given by

daa:=da+[ANa]=da+ANa+aA A

Moreover, we will denote by d% the formal L2-adjoint operator of d4.
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be given by
VYMn(A)[g] = 2/ (Fy,dap) dvoly

N
for every ¢ € (W2 N L*Y)(N,T*N ® g),

VZYZ/I!N(A)[SDLS@] = /N ((dap1, daps) + (Fa,[p1 A p2])) dvoly
for every @1, p9 € (W172 N L4)(N, T*N @),
W;)/I!N(‘LU[%MPZ#@B] = 2/N<d,4<,01,g02 A 3) dvoly
for every @1, pa, @3 € (W20 LY) (N, T*N ® g) and
VI YMA(4)

4]

for every 1, @2, 3,04 € (WH2 N LY (N, T*N ® g). Notice that V¥ YMpy(A) is a k-linear and
continous operator on (W2 N L4) (N, T*N ® g) for every k = 1, ...,4. Moreover, by plugging
the definitions of the operators V¥ YMy(A) in (2.1), we get

(o1, 02, 03, 4] := / (p1 A 2,03 A @4) dvoly,
N

V2YMy (A
YMx(A + ) = YMy(A) + ¥ VM (4] + e g
V2 YMy (A V4 YMy (A
+ 3'()“0) 2 QO} + 4|()[907907907 SO]
for every ¢ € WH2(N,T*N ® g). The statement follows. O

2.2. Almost YM-energy minimizers and w-ASD connections.

Definition 2.5 (Almost YM-energy minimizers). Let G be a compact matrix Lie group
with Lie algebra g. Let n > 2 and let (N, h) be a smooth n-dimensional Riemannian manifold,
possibly with smooth boundary ON. We say that A € (Wh2 N L*) (N, T*N ® g) is an almost
YM-energy minimizer if there exist C, a, pg > 0 such that for every geodesic open ball Z C N
of radius 0 < p < pg such that ZN ON = () we have

(2.2) YMy(A; B) < YMp(A; B) + Cpn=tte,

for every A € (W12 N L*) (B, T*%B @ g) with 1},A = 1}, A.
If the previous inequality holds with C' = 0, then we say that A is a YM-energy minimizer.

Definition 2.6 (w-ASD connections). Let G be a compact matrix Lie group with Lie
algebra g. Let n >4 and let (N, h) be a smooth, oriented n-dimensional Riemannian manifold,
possibly with smooth boundary ON. Let w € C*°(N, A" 4#T*N) be a smooth (n — 4)-form on
N with unit comass, i.e. such that

|lw||« := sup{wy (€1, ...,en—q) : x € N, €1,....;epn—g € TN with |eg A ... Aepy|lp =1} = 1.

We say that A € (W2 N L) (N, T*N ® g) is an w-anti-self-dual connection (or, for short, an
w-ASD connection) if A satisfies the following first order system of PDEs

(2.3) *Fp=—FaAw.
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Proposition 2.7. Let G,g, (N,h) and w be as in Definition 2.6. Assume that the g-valued
1-form A€ (WH2N LY (N, T*N ® g) is an w-ASD connection. Consider the (n — 4)-current
Ta € Dyp—a(N) on N given by

(Ta, ) ::/ tr(Fa A Fa) A\« VO&E'Dn_4(N).
N

Then, Ty is an (n — 4)-cycle semicalibrated by w, satisfying
(2.4) M(TALU): (TALU,w> :YMN(A;U)

for every U C N open set such that U NON = (), where M denotes the mass of the current (see
[Sim83b] ).

Proof. First, we show that T4 is a cycle. Let {A;};eny C C°(N,T*N ® g) be such that A; — A
strongly in (W12 N L*)(N). This implies that

tr(Fa, N Fa,) = tr(Fa A Fa)
strongly in L!(V). Notice that, by the Bianchi identity
daFa, =dFa, +Fa, AAj — A; A Fa, =0,
we have

d(tr(FAz A FAz))

r(d(Fa; N Fa,)) =tr(dFa, N Fa, + Fa, NdFa,)

r((Ai/\FAi —FAi/\Ai)/\FAi—FFAi/\(Al'/\FAi—FAi/\Ai))
T(Ai/\FAi/\FAi _FAi/\FAi/\Ai)
r(FAi/\FAZ./\Ai)—tr(Ai/\FAi/\FAi):O VieN.

t
t
t
t

Fix any o € D"5(N). By Stokes theorem, we have

/ tr(Fa, AN Fa,) Nda = (—1)"_4/ d(tr(Fa, NFa,))) N\a=0  VieN.
N N

Moreover

/tr(FAiAFAi)/\dOz—/tI‘(FA/\FA)/\dOz
N N

< [|de| poo(ny I tr(Fa; A Fa,) — tr(Fa A Fa)llpyavy — 0

as ¢ — +o00. Thus, we get that
(0T'4, ) :/ tr(Fqg A Fa) Ada = 0.
N

By arbitrariness of & € D"°(N), we conclude that T4 = 0.
Now we turn to show that T4 is semicalibrated by w. First, given any open set U C N such
that U N ON = ) we notice that

(TAlLU,w) :/

tr(FaAFa) Aw = /
U

tr(FA/\FA/\w):—/ tr(FA/\*FA):YMN(A;U).
U

U
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Moreover, take any o € D"~4(U) such that |||« < 1 and notice that
(TaLU.a) < [ [n(Fan Fa) nal < ol [ [6(Ean Ealdvol,
U U

§/\tr(FA/\FA)|dvolh§/|FA\2dvolh:YMN(A;U).
U U

Hence, we have

M(TALU):= sup [(TaLU,a)=(TaLUw)=YMn(A;U)
aeD"4(U)
flall <1
and the statement follows. O

Remark 2.8 (w-ASD connections are almost YM-energy minimizers). By Proposition 2.7, if A
is an w-ASD connection we immediately know that T4 is an almost mass minimizing cycle in
the sense of [D1.SS17¢, Definition 0.1]'1. This means that there exist C,a, pp > 0 such that for
every geodesic open ball  C N of radius 0 < p < po and for every S € D,,_3(NN) we have

M(TaL %) < M((Ta + 8S)L %) + Cp" i+,
By (2.4) we then have
YMy(A;B) <M((T4 + 0S)_B) + Cpn—4+a.

Now let A € (Wh2N L) (B, T*% @ g) be such that 1,4 = 1} ,A. Tt is not hard to show that
there exists S; € Dp,_3(N) such that

T;L% = (Ta+0S;) 2.
We infer that
YMy(A; B) < M(T;LB) + Cp—4+e.
Exactly by the same argument that we have used in Proposition 2.7, we can show that
M(T ;L %8) < YMy(A; B)
and we conclude that
YMy(A; B) < YMy(A; B) + Cpr—+e,
Thus, we have shown that every w-ASD connection A is an almost YM-energy minimizer.

In the following we will need an almost monotonicity formula for almost YM-energy
minimizers on open subsets of R"™ for n > 5. We will obtain such a formula by essentially
following the argument developed in [DLSS17¢, Proposition 2.1] for almost minimizers of
the area functional. Notice that an analogous monotonicity formula was obtained in [CW22,
Theorem 16] for w-ASD connections. Furthermore, in the case of smooth Yang-Mills connections
the same formula is essentially due to Price [Pri83] and adapted by Tian in [Tia00, Theorem
2.1.2 and Remark 3].

HFor a proof of this fact, see [DLSS17¢, Proposition 0.4].
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Proposition 2.9 (Almost monotonicty formula). Let G be a compact matriz Lie group
with Lie algebra g. Let n >5 and let 2 C R™ be an open set. Let A€ (WH2NLY)(Q, T*Q® g)
be an almost YM-energy minimizer on ). Then, there exist C,a > 0 such that for every
0 <o < p<dist(y,0N) we have

1 1 1
— / |Fal? dL" — ——; / |Fal?dL™ +p* > C ———|FaLly,|*dL",
g .
P By Ba(y) Bo(y)~Ba(y) ||
where we have defined
Vy —% on R" < {y}.
Y

Proof. Fix y € Q. Notice that for £'-a.e. 0 < r < dist(y, 9Q) we have
LgBr(y)A € (Wl’z N L4)(aBr(y), N'OB,(y) ® g).
Hence, for £L'-a.e. 0 < r < dist(y, 9Q) we have

A= (122 ) A € (9120 LB ), B ) @ ).

and LgBr(y)Ar = LgBr(y)A. Thus, by the almost minimality of A (i.e. by (2.2)) and by the
coarea formula, we get

YMq(A; Br(y)) < YMo(Ar; By (y)) + Cr" =+

r—y - *
_ Ty F
/Br(y) (Tlfc—yl) 0B () 7 A
r 7,,4
55 _ / / r
25) o Jop,(y) t*

1 /T n—>5 1 ) (/ * 2 n—l) n—4+o
= t dL(t L Fu|"do? +Cr
<r"5 ; (t) o (y)\ 58,5 Pl

r
n—4

2
dL" () + Ot

2
A" () + O e

for Ll-a.e. 0 < r < dist(y,d9) and for some C,a > 0. Let f : (0, dist(y, 9Q)) — [0, +oc) be
given by

) = ¥Nia(A: B, ) = | IEARAE € (0, dis(y,00).
r\Y

Since f is a non-decreasing function on (0, dist(y, 912)), in particular f is a function of bounded
variation and its distributional derivative Df is a positive measure on (0, dist(y, 9€2)). By the
Radon—Nikodym theorem, we have

Df = f'L' + ps,

where 115 denotes the singular part of Df with respect to £!. Multiplying both sides of (2.5)
by (n —4)r3~™ and then adding D f/r"~* to both sides of the inequality that we have obtained,
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we get
f'(r) 1 / * 2 n—1\ p1
<rn4 yn—a aBT(y)}LaBT(y)FA‘ dx L
Hs f(r) 1 / * 2 n—1\ p1
- pn—4 + <rn4 yn—4 9B.(y) ‘LaBr(y)FA’ dx L

Df f(’l") 1 A a—1 pl1
_r”*4_(n_4)r"*3ﬁ +Cr* L

= D<f(r)> + C’Tailﬁl

rn—4

where the equality is intended in the sense of distributions on (0, dist(y, 9€2)) and we have let
C:=C(n—4). Now, fix any 0 < 0 < p < dist(y, 0Q2). Integrating the previous inequality on
the interval [0, p) we get

p 1 / % n— ~ f( ) f(O') (e
(26) /o— rn—4 (f ) /83r(y) o, Fal” 4 1) el < C(p”i" T TP )

with €' := max{1, C }. Notice that, by the coarea formula, we have

P * 2 —
/ i (f/(r) - /63 w |5, () Fal” dA 1) L' (r)
g r (Y
p
= / rn1_4< / |Fal? do™ " — / }LEBT(y)FA‘Qd%n_1> ac'(r)
o 0B:(y) 0B, (y)
p 1 * n—
(2.7) :/ Tn_4(/ (IFal® = |thp, ) Fal?) d# 1) act(r)
o 0B (y)
P
=/ 1_4 (/ |FALVy]2d%"1) dct(r)
o " 9B, (y)

1
_/ | FaLyy2dLm.
By(y)~Bo() ||

By (2.6) and (2.7), we infer that

1 .
[ b <o(f9 1)
By(y)~Bo(w) || p o
for every 0 < o < p < dist(y,d9Q). The statement follows. O

2.3. Concentration Set. We now wish to explain the concentration phenomenon appearing
in Theorem 1.1, and for which we have to devise a Luckhaus-type analysis, cf. Section 6.
Let {A;}ien be a sequence of smooth Yang—Mills connections on © with YM(4;) < A < 4o0.
Then, by [Tia00, Proposition 3.1.2] there exists a subsequence {A;;} converging weakly!? to an
admissible Yang-Mills connection A. To this sequence {A;};cny we can associate the following
concentration set:

E:ﬂ r € liminfr4_"/ |Fal?> >0y,
1— 00 Br(m) ‘

r>0

12Here and throughout, we will interpret weak convergence of connections in the sense of [Tia00, Section 3.1].
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where g is given by [Tia00, Theorem 2.2.1]. In particular, using measure-theoretic arguments
one can then prove the bound H" 4(X) < C(A,ep). Consider then the Radon measures
pi = |Fa,|?dC". By taking a subsequence if necessary, we may assume j; — pu weakly-* as
Radon measures on 2. Fatou’s lemma allows us to write

p=|Fal?dL" + v,

for some nonnegative Radon measure v on (2. In other words, v measures the defect of strong
convergence of the curvatures. We can then write the concentration set as ¥ = spt v U Sing(A),
where Sing(A) is the singular set of A, i.e. the set of points at which A is not regular. Finally,
we have that v = 0 if and only if H"~*(X) = 0 if and only if the curvatures converge strongly
in L?. Note that some of this analysis goes through when relaxing the regularity of the
connections A;. The set ¥ \ Sing(A) is usually referred to as the blow-up locus. We refer the
reader to [Lin99] for a similar analysis in the setting of harmonic maps.

In the case in which all the elements of the sequence {A4;};en are Hermitian Yang—Mills
connections on B;(0) C C" endowed with a Kéahler form w, with an isolated singularity, the
concentration set ¥ is a complex analytic subvariety of C7, and the blow-up locus consists
precisely of the closure of the codimension two part of 3. See [CS20a, CS20b, CS21a, CS21b] for
further structural results on the concentration set, and blow-up locus, of Hermitian Yang—Mills
connections.

3. THE SLICING LEMMA AND THE LYAPUNOV—SCHMIDT REDUCTION

The aim of this section is to set the stage for the proof of Theorem 1.6 by proving the crucial
slicing lemma, and recalling the classical Lyapunov-Schmidt reduction and adapting it to our
setting.

Definition 3.1. Let G be a compact matrix Lie group with Lie algebra g and let n > 5. We
say that A € (WH2 N LY)(B", T*B" ® g) is conical if

A€ (W2 LY (S, TS @ g)

A= (\I) Vi1 A

Lemma 3.2 (Slicing lemma). Let G be a compact matriz Lie group with Lie algebra g and
let n > 5. Let Ag € (W2 LAY)(S 1, T*S" ' @ g) and let Ag € (WH2N LY (B, T*B" ®g) be
the 0-homogeneous extension of Ag inside B", i.e.

b= (g) 2

Then, for every A € (W12N L) (B™, T*B" ® g) we have

and

1 1
Do (A Ay) < / Do (VA A)p™ dL () + / /S (AL )P dor™ B L ),
0 0 n—

where for every p > 0 the map V¥, : S 0B,(0) is the smooth conformal diffeomorphism
given by

U, (x) := px VeSSt
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Moreover, in case A is conical the above simplifies to

Do (A Ao) = 1 B (502 A3 Ao).
Proof. Notice that, for £L'-a.e. p € (0,1) we have that Fy € L?(9B,(0)) with
(3.1) |Fal?> = ’[’BBP(O)FA‘Q + |Falv)? on 0B,(0)
and
(32 F3y 2 = a0 Fa, P+ [, Lol on 0B,(0)

where equalities are meant in the sense of L!-functions on dB,(0). Notice that

. 1 . . 1 .
mai, = i (5) =5 ()

FAO Ly =0,
so that (3.2) becomes
1 2k
(3.3) |Fi,1* = = |Fa <p> on 9B,(0)

for Ll-a.e. p € (0,1). By (3.1), (3.3) and by the coarea formula, we have

Wn (A; Ag) = YMpn(A) — YMpn (Ag) = yFA|2d/;”—/ |F5, 7 dC”
B~ B~

1
— [ (RaP 1, Py aenac ()
0 JoB,(0) 0

1 1 ANE
= L* FA 2_ = FA ()
/0 /813;,(0) (‘ 95,(0) | Pl O\ p

1
+// Fal vol2d™ " L (p)
05,(0)

/ . 5/n (10658, 0 Falp-)I? = [Fa|?) dst™ 1 dL (p)

> dA"1dL (p)

1
= [ [ R = ) e g )

1
+/ ,0"_3/ 1|\I/*(FALV0)\2d%"_1dE1(p)
Sn

17

/ Dhsn—1 (U5 A; Ag)p" > dL (p / / S(Falw) P do™ "2 dL (p).
Sn— 1

The statement follows.

g

Remark 3.3. Let n > 5 and assume that 49 € C®°(S"1;T*S" ! ® g). In order to prove
Theorem 1.6 we will need a Lyapunov—Schmidt reduction for the energy discrepancy on the
sphere S"~! around its smooth critical points. Nevertheless, there is a clear obstruction to
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this end that we need to face. Indeed, the second variation V2%gn—1(-; Ag) of Zen-1(-; Ag)
has an infinite dimensional kernel, due to the gauge invariance of YMgn—1. To address this
problem, fix any smooth Yang-Mills connection A € C>°(S"~!; T*S"~! ® g) and notice that A
is a smooth critical point of %g.—1(-; Ag) as well. Recall from Proposition 2.4 that

V2 %n-1(A; Ag)[p, )] = /s  (dag, da) + (Fa, [ AU]) dA" ",
for every ¢, € C%*(S" 1, T*S"~!1 @ g). For every o, € WH2(M,T*M ® gp) we can rewrite
the previous expression as

V(i At =2 [ (g,

n—1

where Ly : C2*(S" 1 T*S" ' @ g) — CO¥(S"1, T*S" ! ® g) is given by
Ly :=didap + «[«Fq A @] Ve S r*s" 1 g).
Fix any smooth reference connection A € C>®(S" 1, T*S" ! @ g) on S*~! and notice that
Lap = di(dp + [AN@]) + *[xFa A g]
= di(dzp + (A= A) A @) + +[xFa A ¢]

(3.4) = did g0 + d5([(A— A) A g]) + #[xFa A ¢
= djdip — (=1)"*[(A = A) Adzp] + d4([(A = A) Ag]) + #[xFa A @]
= d5dzp + Tay,

where Ty : C*2*(S"~1, T*S" 1 ® g) — CO¥(S"~1, T*S"~! ® g) is the bounded linear operator
given by

Tap = —(=1)" (A= A) Ndzo] + d4([(A = A) A @]) + *[+Fa A ¢]
for every ¢ € C**(S"~1, T*S"~! ® g). Hence, the leading term of L, is given by d*d; which

is not an elliptic operator. To fix this issue, we need to eliminate the gauge invariance of the
Yang—Mills lagrangian in the following way. Let

X :={AeC? (", 1" 1) s.t. d5A =0}.
Assume that A € X and notice that A is also a critical point of Zgn-1(-; Ap)L X and that the
second variation V% %gn-1(A-; Ag) at A of Zgn-1(-;Ag)L X is the second order liner elliptic
differential operator on S™~! given by

Lap:=Asp+Tap

for every ¢ € C%%(S"~1, T*S"~! @ g). Exploiting this fact, in what follows, we will always
consider restrictions of the energy discrepancy to suitable subspaces over which its second
variation becomes elliptic.

Lemma 3.4 (Lyapunov—Schmidt reduction for the Yang—Mills functional). Let G be
a compact matriz Lie group with Lie algebra g and let n > 5. Let A € C®(S" 1, T*S" 1 @ g)
be any smooth reference connection on S"~' and let

X :={AecC? ", 17s") s.t. d5A =0}
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Let Ag € C®°(S" 1, T*S" "1 @ g) be a smooth Yang-Mills connection such that Ag € X. We
know that

K :=ker Vi %n1(AJ; Ao)
is a finite-dimensional linear subspace of C(S" 1, T*S" 1 @ g)'3. Let K be the orthogonal
complement of K inside L?(S"~1, T*S"~! ®g). Denote by Px and Pfg the L?-orthogonal linear
projection operators on the subspaces K and K+ respectively. Then, there exists an open

neighborhood U C K of 0, and an analytic function Y : K — K+ such that the following facts
hold.
(i) Y(0) =0, and VY(0) = 0;
(ii) Py (Vx%sn-1(p+ Y(p))) =0 for every ¢ € U.
(i13) Pr(Vx%sn—1(0+Y(p))) = Va(p) for every ¢ € U, where q: U — R is the analytic map
on U given by

a(p) =+ T(p) Vel
(iv) There exists a constant C' > 0 such that very ¢,n € U, we have
VY (@) n]llcz.e -1y < Clnllco.asn—1y.-
4. PROOF OF THE LOG-EPIPERIMETRIC INEQUALITY FOR YANG—MILLS CONNECTIONS

As by the assumptions of Theorem 1.6, let G be a compact matrix Lie group with Lie
algebra g. Let n > 5 and let 49 € C°(S" 1, T*S""! ® g) be a smooth g-valued 1-form on
S*~1. Let 7 : B" \ {0} — S"~! be given by

m(x) == % Ve B" ~\ {0}

|
and let Ag € (W20 LY(B", T*B" ® g) be the 0-homogeneous extension of Ay inside B", given
by

AO = 7T*A0.
Let n > 0. Fix any reference connection A € C>®(S" 1, T*S" ! @ g) such that A+ Ay and
HAO - AHCZ,&(SW,*l) < 77

By [Weh04, Theorem 8.1 and Remark 3.2-(ii)], if » > 0 is small enough there exists a gauge
transformation g € C*°(S"~!, @) such that

d5 A7 = 0.
As before, let X ¢ C2*(S"~1, T*S"~! ® g) be given by
X:={AeC* (" Ts" ' @g)s.t. d5A=0}.
By Remark 3.3, we know that
K = ker Vi %n-1(AJ; Ao)
is a finite-dimensional linear subspace of C°°(S"~1, T*S"~! @ g). As in Lemma 3.4, let K+ be
the orthogonal complement of K inside L?(S" !, T*S" '®g). Let 0 c U C Kand T : U — K+

be given by the Lyapunov—Schmidt reduction (Lemma 3.4) of %g.-1( - ; Ag)|x at its critical
point AJ. Denote by Px and Py the L?-orthogonal linear projection operators on the

139ee Remark 3.3.
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subspaces K and K~ respectively. Fix 6 > 0 and assume that A € C?(S"~1, T*S"! @ g) is
such that
”A - AOHCQ,a(Sn—l) < (5
Assuming that § < 7, we have
||A — AHCQ,a(Sn—l) < ”A — AO||02,a(Sn—1) + ||A0 — A||CQ,(1(SH—1) < 27.

Possibly choosing 7 > 0 smaller, by [Weh04, Theorem 8.1] there exists h € C3%(S"~! @) such
that

* rh __
d7A" = 0.
Let o4 := A" — AJ € C?%(S" 1, T*S""! ® g) and notice that
d5pa =0,

so that ¢4 € X. By the properties of the Lyapunov—Schmidt reduction, for § > 0 sufficiently
small we have

Prpa e U.
Thus, we can write
A= Prgps~+ Pgioa
= Pgoa+ Y(Prpa) + (Pxrpa— T(Prpa))
= Prpa+ T (Pxpa) + 04,
where we have defined
0% = Prrpa — T(Prpa) € KT

By Remark 3.3, the second variation V4 %gn—1(A§; Ap) is induced by an elliptic operator Ly
on a compact manifold. Since every elliptic operator on a compact manifold has compact
resolvent, by the spectral theory for operators with compact resolvent we know that there exist
a countable orthonormal basis {¢;}jen C C®(S"1, T*S" ! ® g) of L?(S"~1, T*S"! @ g) and
countably many real numbers'* {)\;};en such that

Loygj=N¢j  VjeN
Moreover, every eigenvalue A\; of Ly has finite multiplicity. We let
{:=dim K < 400

and we assume that the eigenfunctions ¢; are ordered in such a way that the set {¢1, ..., ¢¢}
forms an orthonormal basis of K. Define the index sets

Jy ={jeN: ) >0} and J_:={jeN: )\ <0},
and we let {a;}jes_us, C R and {b1,...,b,} C R be such that
l
o = Z a;j¢; + Z ajp; = ok + 0k 1, and  Prpa = Zbﬂ'd)ﬂ"
jed_ jeT J=1

14This follows from the symmetry of V% %n—1(0; Ao), which translates in the L? self-adjointness of L .
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Since Prxpa € U and U is an open set, there exists £ > 0 with Bg(b) C R such that for every
r = (z1,....,24) € Bg(b) we have

L
Z (Ej(ﬁj eU.
j=1

Let f: Bf(b) C RY = R be the real-analytic function given by

(4.1) f(@) == Pana <§;x,-¢j + T<§;mj¢j> ;A0> Va € BE(D).

Let to € (0,1) and let v : [0, to] — Bf(b) be the smooth vector field on Bf(b) solving on [0, ¢
the following normalized gradient flow equation for f with initial condition b = (b1, ..., by) € R*:

I f0)
Sy =4 Wrey =

0 otherwise;
v(0) = b.

Note that this is a finite dimensional Yang—Mills heat flow. Let then n,n4 : [0,1] — R be the
cut-off functions given by

(4.2) n(p) == erf(0)7Vn—2C(1—p) and ny(p):=1—(1-p)ae

for all p € [0,1], and where ¢,e7,C,a > 0 and v € [0,1) are parameters to be chosen later in
the proof. For now we just assume that

er f(b)V/nC < to

so that 0 <7 < tg. Then, let p: B" ~ {0} — 7*T*S"~! ® g be given by
Zvj (l2))@;(n(x)) Vo B~ {0}.

Define ¢ ; € (Wh2 N L*)(B", T*B" ® g) by

(43)  ¢4(@) = p(@)[dr(2)] + T (u())ldn(@)] + (7 ¢z ) (@) + 04 (|2]) (705 4 ) (@)

for every z € B" ~ {0}. Lastly, let h := 7*h € (W22 N WH4)(B", G) and define the competitor
Ae (W'2n LY(B*, T*B" ® g) to be

~ % 7—1

A= (m Ag+90A)h
Notice then that

% ~ —1 -1
i1 A= (A3 + Proa+Y(Proa) +oh_+oa)" = (A5 +ea)" = A



22 RICCARDO CANIATO AND DAVIDE PARISE

By Lemma 3.2, we have the bound

1
< [ (B (W As o) - (1= )80 (4340)) oS dL )

0
1
w [ @it actp)
0 Jsn-1
=1+1I,
where we defined
1
= / (%1 (W45 Ag) = (1= )Zenr (43 Ag) ) p"~dL (),
0
as well as
1
II:= / / \\I’;(FALVO)|2 dA" 1 p" 3 dL (p).
0 Jsn-t
Notice that, since 7* A is a conical connection, we have
(4.5) W L0)| = (U5 (Fye gg . L0)| = [W3(F, ;L o).
Moreover, by analogous reasons, we have
(iNpi)lrg=0
which implies that
(W5 (Fp, Lvo)” = [Wh(dp 4L vo) |
< C(W (P> + VL) W] (0.00)) + (1 (0) |0 11),

for some constant C' > 0 depending only on Ay. Let C'r > 0 be the constant given by Lemma
3.4-(iv). By plugging the estimate given by Lemma 3.4-(iv) in (4.6) we get

(4.7) W (Fp, L) ? < C(L+ CR) (0 (0))* + CUfy (p)) o 1 -
Combining (4.5) and (4.7) we obtain

(4.6)

1
11—//S Nw(E L) e ()
0 =

1
_/0 /Sn_l"I’Z<F«pAwo>PMnlpn3 4 (p)

IN

1
(4.8) /0 /S,H (CA+CR) () + Clp(p) | 1) "> L (p)

C(1+Cp)m (s / LT 0 — 2 dL ()
0

1
+CH(pj’+H%Q(Sn1)/O e2a?p" 3 dL (p)

< C~'(<‘5?ff(b)2_27 + 52”90,%1,-5-”%2(@71))7
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where we have let

5 R 2
¢ = C’((l + O TO + 2).

We can now turn to estimate the first term I. Notice that we can write
@Snfl(‘PZA;Ao) — (1 —e)%n-1(A; Ao)
= %wl(‘l’;ﬁfi s Ao) — Hgn—1 (AJ + W7 (p[dr] + T () [dn]) ; Ao)
— (1 =€) (Hn-1(Af + pa; Ao) — Hen-1(A§ + Prpa + T(Prpa); Ao))
+ Hgn—1 (A + V) (u[dn] + T (u)[dr]) 5 Ao)
— (1 = &)%n-1(Af + Prpa + YT(Prpa); Ao)
= gn—1(AG + W0 45 Ao) — Dn-1 (A + p(p-) + Y(u(p-)); Ao)
— (1 =€) (Zen-1(Af + @a; Ao) — Hen-1(A] + Pra + Y(Pgpa); Ag))
+ Dn—1 (A + p(p-) +Y(u(p-)); Ao)
— (1 = &)%n-1(A] + Proa + Y(Prea); Ao)
=III+1V
where we defined
I = Pgn1 (AT + V50 45 Ao) — Den—1(Af + pu(p-) + L(plp-)) 5 Ao)
— (1 —¢&) (Han-1(A + pa; Ao) — Dgn—1(AJ + Prxoa + T(Pxpa);Ao)),
and
IV = %1 (A7 + pu(p-) + T(ulp-)) 5 Ao)
— (1 — &)%n-1(A] + Proa + T (Prpa); Ao).

Letting now

(4.9) VYp =W —pulp-) = T(ulp-))

and, by Taylor expanding around AY, we deduce

I = V%1 (Af + pu(p-) + T(u(p-)) 5 Ao) (1]
b 5V s (A 1) + X (o) + 518) s A0) b, ]

— (1= &)V%u-1(A) + Prpa + Y(Prpa); Ao)lei]

1—¢
5V %1 (A] + Picpa + T(Pipa) + 5207 ; Ao) i, ]

1
= §V2%n—1 (AZ 4+ (o) +X(ulp-) + s10p) 5 Ao) [, 1]
1—
2

g
V2%gn-1 (A + Prpa + Y (Prpa) + sa9i 5 Ao) 04, v4]

for some s1,s2 € [0, 1], where in the second equality we have used that v, goj € Kt and
Lemma 3.4-(ii). By using the analyticity of %n—1(- ; Ag) around A, and in particular the fact
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that its second variation is locally Lipschitz around A} (it is actually smooth around such
point), we get that there exists L > 0 such that

IV2%5n-1(§)[C, ¢] = V?Pn-1(0)[¢, C]| < L€l c2esn1)lI¢ 17 2(gn-1)

for every ¢ € C**(S"1, T*S"1 @ g) and £ € C%(S"~1, T*S""! ® g) sufficiently close to AJ
in the C*“-norm. Thus, we get
1—
2
+ Llulp-) + (o)) + s1¥pllezasn—1) 19l 72gn-1)
+ L|| P+ Y(Prpa) + 5207kl coosn—n) 1ol 22 gy
1—
2
+ Lp(p-) + Y(u(p-)) + s1pllczosn—) |9l 72en 1y

+ L(||Prpallcz.o gn-1y + l@llczo@n—1) 19l 22 g1y

1 €
I < §V2%n71(f18 3 A40)[Yps 1] — V%1 (A5 Ao) 4, 0 4]

(4.10) €
vz%nfl (Ag ) AO) [@ﬁ? (pj]

1
< 5V W1 (AT Ao) U, ] -

Notice that, by definition of v,, we have

by = Who it —p(p-) = Y(ulp-)) = (g ) (@) + 4 (J2]) (04, ) ().

Hence,
(4.11)

1 1_¢

§V2%"71(A33A0)[¢p7¢p] - V21 (A9 s Ao) [k, o]

2
° n3(p) —(1—¢)
= SV W1 (AT Aol e ]+ = V21 (AL Ao) [ ss 94 ]

and
wiy O TE D) sl Wl

< C(lulp )21y + lleilcras—) il iz@n1):
By plugging (4.11) and (4.12) in (4.10) we get

2
ni(p) —(1—¢)
+ 5 V2 %n-1(Af; A0) 04 4 05 1]

+ C(lalp ey + I Prpallcrany + 20kl cra) ek 2@

€
(4.13) TS 5V %t (A5 Ao)lei o on ] +

By definition of 0, cf. (4.2), up to choosing a > 0 big enough depending on n > 5 there exists
a constant ¢ > 0 depending on n such that

1
/0 (ni(p) — (1 —e))p" *dp < —ce.
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Consequently, multiplying (4.13) by p"~5 and integrating it with respect to p, we infer
(4.14)

1
/ I p" =5 dL (p)
0
L2 ; L2
< EI)’\IJli}é )\j||g0A7,HL2(Sn—1) - CE)I\I;;% )‘jHQDA,Jr”LQ(S”—l)
+ C(lulp 2oy + 1Prpallcz.e @1y + [@illczoe-1) lekl 22 @y

< - (CA05 - C(HM(P')HcZ,a(Snfl) + HPK‘PAHCQ»Q(S"*) + H@ﬂcm(s"fl))) H@ﬂ%%snﬂ)y

where C4, > 0 is a constant depending only on n and the spectral gap of the second variation,
thus implying that it depends on Ay. We remark that here we need n > 5 to have finiteness of
the term fol p"Sdp. Notice now that using Stokes’ theorem, we infer the following pointwise
bound

n(p)
lu(p-) — Pr(pa)l S/O |d(p(t-))] dt < |n(p)| < Cerf(D)7,

as well as
ldp(p- )l < epf(b)7,
so that choosing e sufficiently small, and combining these estimates with elliptic regularity, we
have the estimate
[1(p - Mc2zan-1) < 2||Prpallczasn-1)-
Whence, choosing § > 0 sufficiently small (depending on C4,) and plugging ||pa|c2.e(S*71) < &
n (4.14), we infer

1
(4.15) /0 I o™ dp < —Cagéllph 22 gnry-

We are now left with estimating IV. To this sake, we record Lojasiewicz’s inequality for analytic
function in R, cf. [Loj65].

Lemma 4.1. Consider an open set U C R!, and an analytic function h: U — R. For every
critical point x € U of h, there exist a neighborhood V' of x, an exponent v € (0,1/2], and a
constant K such that

|h(x) = h(y)|'™" < K[Vh(y)],
forallyeV.

In particular, we can apply Lemma 4.1 to f defined in (4.1), and infer the existence of a
neighborhood V' of the origin, constants K > 0 and v € (0,1/2] depending on Ay and the
dimension n such that |f(v)|'™7 < K|V f(v)|, for every v € V. Consequently, if f(v(s)) > 0,
for 0 < s < t, we have

(4.16) f(v(t) — F(0(0)) = F(o(t / Vi / V()] dr <0,

which in turn implies that the function ¢ — f(v(t)) is non-increasing, so that there exists 7 > 0
such that f(v(t)) > f(b)/2 >0, for 0 <t <7, and f(v(t)) < f(b)/2if t > 7. If n(p) <7, we
have the following

IV = f(v(n(p))) — (1 — &) f(b)
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n(p)
< / IV (o(7))] dr + e £ (D) from (4.16)

- 0
n(p)
< K / () dr +ef(b)  from Lemma 4.1
0
< =K f(vn(p)"n(p) +f(b) monotonicity of f
K

< *Ff(b)l_%?(m +ef(b) definition of 7

< (gt <17 ) 101

Otherwise, if n(p) > 7, we have

IV = F(ulap)) = (1= 7(0) <~ (5~ ) £0) < ~(alo) 7 OO

where for the last inequality we used the inequality |n| < Cesf(b)'™7 < 1/2 which holds as
long as f(b) is small enough. By letting

~ K
K = min{,l}
2

IV < —(Kn(p) —f(0)") f(b)' 77,
and this concludes the estimate for I'V.
We are now able to finish the proof of Theorem 1.6. We have two cases.

we obtain

(a) First, assume f(b)'/2 < v|jp}|| £2(sn-1), for some universal constant v depending only on
Ap, and potentially the gauge g which in turn depends on Ay, and the dimension n. In
this case, let e = 0, so that n =0, and IV = ¢f(b). In particular, from (4.4), (4.8) and
(4.15), we deduce

< —Cayellphl 2o, + Clh s Bgnsy + <1 0)
< —(Cay — v — Ceellpill p2gn-1) < 0,

where the last inequality follows by choosing ¢ and v appropriately.
(b) Otherwise, we set € = e f (b)1=7 for some ¢ 7 sufficiently small depending only on n and ug,
allowing us to estimate IV as follows:

1 1
/ IV p" =% dp < —f(b)l_v/ (Kn(p) —f(b))p"° dp
0 0

1
= =< 0P [ ROV = p) = £ dp
< —Kepf(b)*™2,

for some constant K > 0, upon taking C' > 0 larger if necessary. Then, from this inequality,
combined with (4.4), (4.8) and (4.15) we infer

Dhan (A Ag) — (1 — &)Phn (A Ag)
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IN

_CAogH(‘DjH%Q(S’“l) o IA{gff(b)z_zaY +C (gfff(b)z_zy + 62”‘%%,—1—”%2(87171))
—(Cape — 52)H¢jui2(gn—1) — (Kc”f — C’afc)f(b)Q*zV <0,

N

where the last inequality follows by choosing e small enough and the fact that f(b) > 0.
Thus, we infer
PR 1
Yy (A Ag) = Dn—1(A; Ag)
n—4
1
= %r-1(4540)
1
n—4
1
n—4
< Caglleall7zn-1y + f (D)
= Ao (;OA LQ(Sn 1)
< (C'A()V_2 + 1) f(b)7

where, in order, we used the slicing Lemma 3.2, a Taylor expansion, and the hypothesis of
case (b). Combining the above two inequalities we can conclude the desired log-epiperimetric
inequality (upon relabelling the various quantities involved):

Dn (A5 Ag) < (1 — &P (A; Ao)|") Han (A5 Ap),

where £; depends only on the dimension n and uy.

Ysn-1(Af + Prpa + T(Prpa); Ao)

+

Dn—1(Af + Prpa + Y (Prpa); Ao)

4.1. The integrable case. We now specialise the proof of Theorem 1.6 to the case of an
integrable cone. We start by recalling from [AS88] this notion. Note that Adams and Simon
refer to this property as integrability of the kernel (of the second variation associated to the
cone). We will say that K := ker V4 %n-1(AJ; Ag) is integrable if for every v € K, there
exists a family {As}seo1) € C(S" 1, T*S" ! @ g) with Ay — 0 in C®(S" 1, T*S"" ! @ g),
such that Vx%gn-1(As; Ag) = 0 for every s € (0,1), and lims_,g As/s = v in the L?-sense. In
this setting, analyticity of f defined in (4.1) implies the following lemma, whose proof can be
found in [AS88, Lemma 1], or [ESV19, Lemma 2.3].

Lemma 4.2. The integrability condition holds for ker V4 %gn-1 (A% ; Ao) if and only if f = f(0)
in a neighborhood of 0.

It is immediate from this lemma that in the proof of the log-epiperimetric inequality we can
take v = 0, thus obtaining an epiperimetric inequality. The geometric significance of being
integrable for a connection Ay is the following: Ay has an integrable neighborhood in the
moduli space of smooth Yang-Mills connections on the sphere S*~! with tangent space at Ao
being given by Jacobi fields at it, i.e., solutions of the linearised operator.

5. PROOF OF THE UNIQUENESS OF TANGENT CONES WITH ISOLATED SINGULARITIES

As by the statement of Theorem 1.1, let G be a compact matrix Lie group with Lie algebra
g. Let n > 5 and let Q C R” be an open set. Let A € (W12 LY)(Q, T*Q ® g) be either a
YM-energy minimizer or an w-ASD connection with respect to some smooth semicalibration w
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on €. Assume that "~ 4(Sing(A) N K) < +oo for every compact K C . Let y € Sing(A).
For every p € (0,dist(y, 9Q)/2), define A, , € (W2 N L) (B2(0), A' B2(0) @ g) as

Ay = T;pA,

where 7y ,(x) = px + y is the usual rescaling of factor p > 0 centered at y. Let ¢ be a tangent
cone for A at y which is smooth on B(0) \ {0} and such that there exists {p; };cn be satisfying
Ay pi — @ weakly and Fyu,, ,. — Fyp strongly in L? as i — +o0o (modulo gauge transformations).
Let £,0 > 0 and 7 € [0,1) be the constants given by Theorem 1.6 for Ag = 1§, _,¢. By the
e-regularity statements in [CW22, Theorem 2| (see also [Tia00] for the energy minimizing case),
following the same argument as in [Sim12, Section 3.15] we conclude that the convergence of

{Ay,p; bien to ¢ is strong in C*° (modulo gauge transformations) on every compact subset K
of B2(0) \ {0}. Hence, there exists i € N big enough so that

[Ay.ps — Pllczan-1y < | Ay,p — SOHC’Q«Q(B%(O)\B%(O)) <4

for every 0 < p < p;. Define p := p;. Fix any k € N. As in [ESV19, Lemma 3.3], we know that
for every p € [p/2F+1, 5/2¥] it holds

[Ay,p — Pllczen-1y < |4y, — 80||02,a(3%(o)\3%(0)) <9

Thus, by Theorem 1.6, there exists Ap € (I/Vl’2 N L4)(IB", T*B"™ ® g) such that

Lgn—lAp = tgn-14y,
and

D (Ap;0) < (1= e|%n(A,50)) Han (4,5 0).
Notice that, since A, , is almost YM-energy minimizing, for some Cp, ag > 0 we have
O(p,y; A) — YMgn(p) = YMpn (Ay,,) — YMpn ()

< YMgn (4,) — YMgn () + Cop™

= D (Ap; ) + Cop™
(5.1) < (1~ el%an iy 9)]") Zon (Ap s ) + Cop™
for every p € (p/251, p/2F), where A, € (W2 N L*)(B", T*B" ® g) is the 0-homogeneous

extension of A, , inside B". Let

F(p) = p" " (O(p,y; A) — YMgn(p)) = / |Fal?dL" = YMgn (9)p" ™ Vpe(0,1).
By (y)

Notice that by Proposition 2.9 we have that [0,1) 3 p — f(p) is an (almost) non-decreasing
function of p. Hence, f is differentiable £!-a.e. and its distributional derivative is a measure
whose absolutely continous part (with respect to £!) coincides £!-a.e. with the classical
differential and whose singular part is non negative. Thus, we have

OE / PP dA™ — (n— 4) YMpn ()"
6Bp(y)

=p! /S IFalp - ) @) = (n = 4) YV ()"
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_ pn5</gn_1|P2FA(P )2 dA" T (@) — (n - 4) YMIB"(‘P)>

_ p“5</g _1|FAy,p\2djf"*1(x) —(n—4) YM]B"(SO))

— p" P (n — 4)(YMan(A,) — YMgn (¢))

=" (= )P (A,10)  for Llae pe (0,1),
which can be rewritten as

(5.2) P B (Ays0) < L f(p)  for Lleae. p € (0,1).

By plugging (5.2) in (5.1) we get
f(p) = p" " (B(p,y; A) — YMgn ()
< (1 —el@an(Ay; 0)[7) 0" Fan (A, ;) + Cop 00
(5:3) < (1=el%n(Aps0))) £ /() + Cop" o0, for Llae. p e (p/2,5/2°).

Moreover, since A, , is almost YM-energy minimizing, we have

e(p) = f(p)

= O(p,y; A) — YMpn ()

T pn—4

1

= n_4/ |Fal?dL™ — YMgn ()
p By (y)

= YM]Bn ,p) — YMBn (gp)

< YM]BTL ) — YMBn (QD) + C(),an

= Dan (A5 ¢) + Cop™

(5.4) < Han (A, 5 0) + Cop™.

Hence, by combining (5.3) and (5.4) and letting £ = ¢/2 we get

(4y
(4,

Fp) < (1= Ele(p) — Cop™]) ﬁf’(p) +Cop" M0, for Llae. pe (p/25, 5/2").

Arguing as in [ESV19, Section 3.2, Step 1] we get

2=

(o) < 2( EC(n, ) log (g))_ Ve (/25 52,

for some constant C(n,v) > 0 depending only on n and 7. Since we have chosen k € N
arbitrarily and for every p € (0,p) there exists k € N such that p € [p/2¥+1, 5/2*], we have
established that

(5.5) O(p,y;A) —O(y; 4) <e(p) < 2<— €C(n, ) log <g>) T Vpe(o,p)
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The uniqueness of tangent map to u at y then follows directly by Proposition A.1 with pg := p/2
and

P(p) = 2<— £C(n,v)log <g)>_i Vp € (0,p/2).

6. NON-CONCENTRATION CASES: A LUCKHAUS TYPE LEMMA FOR CONNECTIONS

In this section we deal with the possibility of concentration of measures. We start by proving
the following Luckhaus type lemma for Sobolev connections in dimension n > 5.

Lemma 6.1 (Luckhaus type lemma for connections). Let G be a compact matriz Lie

group with Lie algebra g. Letn > 5, p € (0,1) and A € (0,1/2). Let A € Wl’%(Sp,T*Bp®g),
n—-l *

Ay € W (S(_nyp: T*Bi—y), © 9).

Then, there exists Ay € Wl’%(lﬂ%p N Boa, T (B, N Bi—y),) ® @) such that Ayls, = Ax,

A)\‘S(l—)\)p = Ay and for some constant K > 0 we have

/ |Fa, |2dLm < KA"5 (/ (VA2 + A" 1) doem !
Bo~B(1-x)p

Sp

n

+/ (|VAg!nT_1 + Ao d%"—1>
Sa-xp

Proof. Recall the continuous Sobolev embeddings

(61)  WME(S,) o WITHES,)  and WM (Sg_y,) o W

S

2 (S_x)p)-

Let A, € Wl2(B,, T*B, ® g) and Ay € Wl’Q(B(l_A)p,T*IB%(l_)\)p ® g) be componentwise
harmonic extensions of A; and As respectively. By (6.1) and standard elliptic regularity theory,
we have

A e Whi(B,, T"B,®9) and Ay e W2 (B y),, T*By ), @ g)
with the following estimates

/ (VA2 +|As|") dLm < K/ (VAT + A" Y) doe !
Sp

P

/ (IVA2|2 +|Az|™) dL™ < K/ (IVAo|"Z + | A" Y) do™ L.
B Sa-2p

Define Ay € W2 (B, \ B(y_y),, T* (B, ~ B(1_y),) ® g) by
R 1= \)p)? *
A2 = <((|‘2)p) ) A2 on Bp AN B(lf)\),zr

Notice that As = Ay and

’Su—A)p

/ (IVAs|2 +|Az|™) dL™ < / (IVAs|2 +|Az|™) dL™
Bo~B1-x)p Ba-xp

< K/ (IVA"7" + Ao ) dem .
Sa-xe
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Define ¢y : R® — R™ by

1—-A
ox(z) = (Lﬁ—)\>x Vo e R"

Define Ay € W2 (B, \B(y_),, T*(B, ~ B(1_»),) ® g) by
Ay = @;fil +(- = @A)*/b on By~ By

Notice that since all the norms involved are conformally invariant and ¢ is a conformal map,
we have

/ Faltac <x( [ et + dAg] ™
BoBa-x)p Bo~B(1-x), Bo~B1-x)p
+/ !A1I”dﬁ”+/ |Ag|™ dL™
Bp~B-x)p BosB1-a)p

+2/ |z‘~11|g'|z‘i2\gdﬁn>
BosB1-x)p

< K(/ (VAT + A" Y) doen !

Sﬂ
/
S

Since by Holder inequality we have

[ mpa st ([ mgrac)’
BosBi_x), BoxBa-x)p

the statement follows. O

(IVA9|"Z + A" h) d%"‘l).

(1=X)p

3

The proofs of Theorem 1.3 and Corollary 1.4 follow directly from the following non-
concentration lemma for almost YM-energy minimizers in arbitrary dimension.

Lemma 6.2. Let G be a compact matriz Lie group with Lie algebra g. Let n > 5 and let

ne—
1,25=

1
Q CR™ be an open set. Lety € Q and let Ae (W, .2 N L;"”Ozl)(Q ~A{yh T*(Q N {y}) ® g) be
such that

/|FA|"51 dL" < +oc.
Q

Assume that A is an almost YM-minimizing connection with y € Sing(A). Assume that {p; }ien
is such that p; — 0, Ay p, =7, , A — ¢ weakly and Fa,, — F, weakly in L"T_I(IBB”). Assume
moreover that Sing(y) = {0}. Then we have Fa,, — F, strongly in L*(B") as i — +o0.

Proof. First notice that, since for every i € N we have Fy, , € L%(B”), for every ¢+ € N there
exists &; € (0, 3) such that §; — 0 as i — +oo and

12
n—1 n—1
/ (IFa,,,| 7 +|F| 7 )dL" < eq,
B"\Blf(gi
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where g > 0 is the constant given by Uhlenbeck’s gauge extraction theorem [Uhl82a]. By
Fubini’s theorem, for every i € N there exists r; € (1 — %, 1) such that A, ,, € Wl’nT_l(Sm) and

1
/ |FAyp A" < eq,

Moreover, for every ¢ € N there exists \; € (0, %) such that

/ |F,|" 7 da™ ! < eq.
S(lfxiy"z

Let

;1= <1 _ )\i> © on Bi_x)r-

for every i € N. By Uhlenbeck’s Coulomb gauge extraction theorem [Uhl82a], for every i € N
there exists g; € WQ’nT_l(Sf,«i, G) and h; € WQ’RT_I(S(l_)\i)m G) such that

/S (Ivag, "z + |Age, ") dom T < CG/S ]FAy,pi\% dA"! < Caeq

T4 T

and
/ (|wi 1"z +|s01 ") doen 1<CG/ |F,, |2 do#™! < Cgeg,

where Cg > 0 is a constant depending only on G. By Lemma 6.1, for every ¢ € N there
exists Ay, € Wh2(By, N Bi_x,)r, T*(Br, N B(i_x,)r,) © g) such that Ayls, = Af,ls,,,

AAi’S(l—/\i)ri = gp?”g(l_)\i)ri and for some universal K > 0 we have
n—4
2 o
/ |FAM| dL" < KCgeg),
Br,\B1—x;)r;

for some constant K > 0 depending only on n. Let

hi = <(1 - )\i)ri|—:|

and define A; € Wbz (B,,, T*B,, ® g) by

h:
. i By .y
A’L = (101 on (1 AZ) v
A)\i on Bm N B(lf)\i)ﬁ"

> hi € W2 (Bu_spr G)  VieN

Let
gi::< H) gzeW2*2(IB%T,G) VieN
Then, by almost YM-minimality of A, we have

/|F¢|2d£”§hminf/ |Fa,, |2d£”—hm1nf/ |F i \ dc"
Bn 1——+00 Bn

1——+00

< lim inf </ |FA,y2dL”+cp;?‘>
B,

1—+00
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< lim inf </ |F gi}2d5"+/ |FAA,|2d£”>
1—+00 B(l_ki)%‘ Pi Bri\B(l—/\i)ri !

n—4
< lim inf <(1 - Ai)"—‘*/ |F,|?dL™ + KCgeg); " >
1—+00 )

= [ |F,|*dc"
]BTL
The statement follows. O

Remark 6.3. Let n > 5, let 2 C R" be open and y € Q. Let A € C°(Q~ {y},T* (2~ {y}) ®g)
is a stationary Yang-Mills connection on Q ~\ {y}. Notice that the uniform pointwise curvature
bound

C
(6.2) [Fal < e on O~ {y}
for some C' > 0. Arguing by gluing of gauges on intersecting annuli around y with constant
conformal factor as in [Riv20, Proof of Theorem V.6]'°, we can show that there exists p > 0

and g € I/VlQO’C%(Bp(y), @) such that A9 satisfies

C

VA9 < w on Bp(y) ~{v}

n

for some C' > 0. This immediately implies that A9 € W17(2’°°)(Bp(y)). Therefore, the
assumption in (6.2) used in [Yan03] is strictly stronger than the ones of Lemma 6.2.

APPENDIX A. A CRITERION FOR THE UNIQUENESS OF TANGENT CONES

The aim of this last section is to prove a standard argument in the literature allowing us to
infer uniqueness of tangent cone to an almost YM-energy minimizing Yang—Mills connection
A at some point y from a sufficiently fast decay of the energy density O(p,y; A) to its limit
O(y; A), usually referred to as Dini continuity. We reproduce the argument here for the sake of
completeness.

Proposition A.1. Let G be a compact matrix Lie group with Lie algebra g. Let n > 5 and let
Q C R™ be an open set. Let A€ (W20 LY (Q, T*Q® g) be an almost YM-energy minimizing
connection on ). Assume that y € Sing(A) is an isolated singularity for A and that there exist
po € (0,dist(y,9Q)) and a non-decreasing function ¢ € (0, pg) — (0, +00) such that

(A1) e(p) :=O(p,y; A) —O(y; A) < d(p)  Vp e (0,p0)
and
(A.2) " Vi@dﬁl(p) < +00.

0

Then, the tangent cone to A at y is unique modulo gauge transformations.

15Gee also the original argument in [UhI82D)].
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Proof. First, recall the almost monotonicity formula for almost YM-energy minimizers given
by Proposition 2.9: there exist C,« > 0 such that for every 0 < o < p < dist(y, 9Q) we have

p \”4

where we have defined

(A.3)
1 1
— /B ( )|FA|2d£” — = /B ( )|FA|2d£" +p*>C |Fq Ly, |2dCm,
p\Y AV

By(y)~Bo(y) |-

Y
Uy 1= T on R" ~ {y}.

As y € Sing(A) is an isolated singularity for A, there exists pg € (0, dist(y, 9€)) such that A is
smooth on B, (y) ~ {0} Since our result holds modulo gauge transformations, we can always
assume that A is in the celebrated Uhlenbeck exponential gauge around y, satisfying

(A4) ALy, =0 on By, (y) ~ {y}.
By differentiating (A.4), we get
0
(A.5) o U=yl =1 —ylFalvy  on Byy(y) ~ {y}
y

Now, let 1,2 be any two tangent cones to A at the point y. By definition of tangent cone,
there exist sequences {p; }sen C (0, po) and {o;}ien C (0, po) such that p;, 05 — 07 and

Ay pi =Ty p A = 01 and Ay o = ¥2
weakly in W12(B") as i — +o00. By the weak continuity of the trace operator, we have
Ay7pi‘Sn71 — @1|Sn71 and Ay7o—i’Sn71 — SOQ‘Snfl

weakly in L?(S"!) as i — +oo. Thus, by (A.5) we have

/Sl|<p1 po| di" <hmmf/S 71\Ay,pi—Aym\d¢%ﬁ"—1

1——+00

= lim inf/ piA(piz +y) — 0iA(oix +y)| dA" (2)
1—400 sn—1
Pi 8

= liminf
i——+00 §n—1 o 5

Pi
= lim 1nf/ / \(Falv,)(pz +y)| dL(p) ds#" (2)
S§n—1 i

i——+00

- (pAlpr +y)) dL (p) | d™ ()

Pi
~ limin / | AEsLw) oo+ )] e ) L o)
Sn 1

1—+00
pi
= ljminf/ / ——[(Falvy)(2)] d" 1 (z)dL (p)
1—4-00 BBP
1
iwtoe JB () By (y) | * — Y

By Holder inequality, (A.3) and the bound (A.1) in the assumptions, for every 0 < o < p < po
we have

1
Bo(y)~Ba(y) |~ — VI
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1 1
< (/ 1n_4]FALVy\2d£”)2</ 1nd£">
By()~Bow) |+ — Yl By(y)~Bo(y) |- — Yl

< C((log p —log ) (B(p, y; A) — O(y; A)))

< O((log p — log 0)é(p)) .

Fix any 0 < 0 < p < pp and let k € N be such that p/2¥ < . From the previous estimate, for
every i € N we get

[N

NI

1

J e < ¢y fo( )
B, 5i(y)NB, 5i+1(y) |- =yl 2

Then we have

1 1
/ n_2|FALVy’d£n§/ ﬁ‘FALVy’dﬁn
By (y)~Bs(y) | T y| Bp(y)\Bp/Qk(y) | T y|
k—1 1
zz/ [yl Falwlae
(A.7) i:(i By i (y)\Bp/2i+11(y) Y
<Y o(5)-Z\*(5)75
=0 =0
p /
< / () dct(t)
=, n
By the assumption (A.2) and (A.6) we then get
1
/ o1 — o d™ ! Sliminf/ T [ Falvyy[dL"
sn1 i=+00 Jp, () By, () |+ — VI

< lim inf
1——400

/p V‘f(t) AL (t) = 0.
0

Hence, we have ¢1|gn-1 = @2|gn-1. Since both ¢ and ¢y are conical connections, we conclude
that ¢1 = @9 and the statement follows. O
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